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Abstract
We study the integrability of Hamiltonian systems with two degrees of freedom. We investigate the normal
variational equations and obtain a necessary condition for integrability of these systems. As an application we
study the integrability of the Hénon–Heiles system, whose normal variational equation is of Lamé type.
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1. Introduction
Integrable Hamiltonian systems play a fundamental role in the study and description of physical
systems, due to their many interesting properties, both from the mathematical and physical points of view.
The concept of integrability seems necessary for more thorough understanding of the non-integrability
phenomenon. A very small number of integrable systems is known to date, and moreover there exists
no general method for determining whether or not a given system is integrable. Even in the simplest
nontrivial case our knowledge is far from the desired goal. Integrable systems were typically discovered
by chance or through techniques specially prepared to the particular problems. This question goes back
to Kowalevski, who was the first to use singularity analysis to screen Hamiltonians for integrability.
This method consists of requiring that the general solutions have the Painlevé property. Basically, this
technique consists in checking the existence of solutions in the form of a formal Laurent series. It was
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conjectured (see, e.g., [1]) thus that a system which presents the Painlevé property is integrable. Although
the connection of Painlevé method with integrability of Hamiltonian systems is far from being clear, some
new integrable systems have been detected by the Painlavé test (cf. [1–4]).
On the other hand for some classes of Hamiltonian systems it is possible to prove the non-integrability.
In 1982 Ziglin [5] proved a non-integrability theorem for complex analytical Hamiltonian systems. This
theorem has been successfully applied to prove the non-integrability of various Hamiltonian systems.
Yoshida obtained a remarkable non-integrability criteria based on Ziglin’s theorem [6]. Recently,
Morales-Ruiz and Ramis [7] obtained a stronger condition for the integrability of Hamiltonian systems
with a homogeneous potential based on the differential Galois theory (Picard–Vessiot theory).
The purpose of the present paper is to obtain a necessary condition for integrability of Hamiltonian
systems with two degrees of freedom. We focus on systems whose NVE are of Lamé type. As an
application we study the integrability of the generalized Hénon–Heiles Hamiltonian H (p, q) = 12(p21 +
p22 + aq21 + bq22 ) + q2(cq21 + 13dq22 ) in an exceptional case a/b = 1 and d/c = 2.
2. The normal variational equation
Let (P, ω) be a smooth symplectic manifold with dim(P) = 4, and H : P → R a Hamiltonian with
associated vector field X H . The vector field X H generates the flow ψ : R × P → P . Let φ(t) be a
periodic solution of X H , within some regular energy surface Σh = H−1(h), with the prime period  .
Let S be a cross-section of Γ at x0 and let U0 be a sufficiently small neighborhood of x0 in S. We define
a mapping ϕ : U0 → S by ϕ(x) = ψ(t (x), x) for x ∈ U0, where t (x) is the least positive number
such that ψ t (x) ∈ S. The mapping ϕ is called the Poincaré map at x0. If Σh is a regular energy surface,
then it is three-dimensional, and S is two-dimensional. A Poincaré map ϕ on S can be considered as
a diffeomorphism in the plane R2 keeping the origin fixed. The linearized Poincaré map dϕ is defined
by linear differential equations on the reduced normal bundle N = (TΣh | Γ )/(TΓ ) ∼= (TΓ )⊥. N is
symplectic, the symplectic form ωN is inherited from ω in the natural way (cf. [8]).
Let us consider the variational equation along Γ . This equation may be written as
dξ
dt
= J Hess(H )(φ(t))ξ, φ(t + ) = φ(t), (1)
where J is the symplectic matrix
J =
(
0 I
−I 0
)
,
ξ T = (ξ1, ξ2, ξ3, ξ4), ξ T is the transpose of ξ , I is the identity matrix of degree two, and Hess(H ) is the
Hessian matrix of H (q, p) given by
Hess(H ) =
(
Hqq Hqp
Hpq Hpp
)
.
The linear variational equation is defined on the tangent sub-bundle TΓ P , and can naturally be reduced
on the normal bundle N with its projection π : TΓ P → N . Thus the system (1) induces the equation
dη
dt
= π∗ J Hess(H )(π−1η), η ∈ N, (2)
which is called the normal variational equation (NVE). The linearized Poincaré map along φ(t) is given
by integrating Eq. (2).
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The integrability in the two degrees of freedom Hamiltonian system means that the first integral
F : P → R exists, such that ω(dH, dF) = X H (F) = 0 and dH ∧ dF = 0 everywhere on P . Let
Pf be the level surface of the map ( f1, f2) : P → R2, where f1 = H, f2 = F . Since the fi Poisson
commute, f is constant on Γ so that Γ ⊂ Pf . Let E = {v ∈ TΓ P | 〈d fi , v〉 = 0, i = 1, 2}, the
annihilator E0 of E in T ∗ P is spanned by d fi . Under the isomorphism 	 : T P → T ∗ P the symplectic
orthogonal of E , Eω, and E0 correspond to one another, and 	(X fi ) = d fi . Thus Eω = span{X H , X F }
and the vectors (X H , dH, X F , dF) | Γ are mutually orthogonal, so they define a local basis for TΓ P .
Hence the reduced normal bundle N is spanned by (X F , dF).
Theorem 1. Let F(p, q) be a first integral of a Hamiltonian system (R4, ω = dp1 ∧dq1 +dp2 ∧dq2, H )
which is functionally independent of H, i.e., dH ∧ dF = 0, and is smooth in a neighborhood of Γ . Then
X F is a solution of the normal variational equation (2).
Proof. Since F is an integral of the Hamiltonian system, we immediately have
ω(dH, dF) = 〈dH, JdF〉 ≡ 0. (3)
Thus, by (3),
〈Hess(H ), JdF〉 = 〈Hess(F), JdH 〉. (4)
Next differentiating JdF , and using (4), we obtain
d
dt
(JdF) = JHess(H )(JdF). (5)
This implies that JdF := X F is a solution of the variational equation (1). In the same way we can show
that X H satisfies the variational equation (1). Therefore, if X F is a solution of (1), then X F+αX H , α ∈ R,
is also a solution of (1). This implies that X F is a solution of the NVE (2). 
3. Necessary condition for integrability
Let A ∈ SL(2,R) be the linearized Poincaré map along φ(t, h) given by integrating Eq. (2). Thus
A can be considered as a linear symplectic map of the R2 plane. The matrix A is called the transfer or
monodromy matrix. The following theorem determines the necessary condition for the integrability of a
Hamiltonian system (R4, ω, H ).
Theorem 2. Let F(p, q) be a first integral of a Hamiltonian system (R4, ω, H ), which is functionally
independent of H, i.e., dH ∧ dF = 0. Then the NVE (2) must have a basically periodic solution, and
therefore the monodromy matrix A has two eigenvalues λ1 = λ2 = 1.
Proof. Since F(p, q) is an integral of the Hamiltonian system, we have
JdF(φ(t + , h)) = JdF(φ(t, h)). (6)
It follows from Theorem 1 and (6) that X F (φ(t, h)) is a basically periodic solution for the NVE (2).
It remains to show that the monodromy matrix A for the integrable Hamiltonian system, has two
eigenvalues λ1 = λ2 = 1. As X F (φ(t, h)) is a basically periodic solution for the NVE, so A must
have 1 as an eigenvalue. The Floquet multiplier λ is determined through the characteristic equation
det(A − λ) = 0, explicitly λ2 − (tr A)λ + 1 = 0, where tr A denotes the trace of the monodromy
matrix. It is clear that λ1λ2 = 1. Hence if λ1 = 1 then λ2 = 1. Thus if the Hamiltonian system (6) is
integrable, then the monodromy matrix A has two eigenvalues λ1 = λ2 = 1. 
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4. The Lamé equation
Let the Hamiltonian H be of the form
H = 1
2
(p21 + p22) + U (q1, q2), (7)
where U (q1, q2) is a polynomial of q1 and q2. The system generated by Hamiltonian (7) is
q˙1 = p1, p˙1 = −∂ H
∂q1
, (8a)
q˙2 = p2, p˙2 = −∂ H
∂q2
. (8b)
By setting q1 = p1 = 0 this system is reduced to (8b) with q1 = 0. Since H is a first integral, we have
1
2
q˙22 + U (0, q2) = h. (9)
Let φ(t, h) be a periodic solution of (9) with the prime period  , parameterized by the energy
h ∈ (h0, h1). Thus the variational equation (1) reads
ξ¨1 = −∂
2 H
∂q21
(φ(t, h))ξ1, (10a)
ξ¨2 = −∂
2 H
∂q22
(φ(t, h))ξ2. (10b)
Eq. (10a) is the NVE. Assume that (10a) is of Lamé type
ξ¨1 = (A(h)P(t, h) + B(h))ξ1, (11)
where P denotes the Weierstrass function and A, B are constants. The known cases of closed form
solutions of the Lamé equation are as follows:
(i) The Lamé and Hermite solution [9,10]. In this case A = n(n + 1), n ∈ Z and B is arbitrary.
(ii) The Brioschi–Halphen–Crawford solutions [9,10]. Now n + 12 = m ∈ N and the parameter B must
satisfy an algebraic equation of degree n + 12 .
(iii) The Baldassarri solutions [11] for n+ 12 ∈ 13Z∪ 14Z∪ 15Z−Z and some additional conditions on B.
Eq. (11) is integrable only in the cases (i)–(iii) above (cf. [12]).
5. The generalized Hénon–Heiles system
As an example we consider the generalized Hénon–Heiles (H–H) system
H = 1
2
(p21 + p22 + aq21 + bq22 ) + q2
(
cq21 +
1
3
dq22
)
. (12)
This system is well known from applications in stellar dynamics, statistical mechanics and quantum
mechanics. In case a = b = c = −d = 1 the Hamiltonian (12) reduces to its standard form [13]. The
generalized H–H system has been extensively studied over the last three decades in non-integrable and
integrable regime. This system is known to be integrable when
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(i) c = d, a = b,
(ii) d = 6c, a, b arbitrary,
(iii) d = 16c, b = 16a.
The second integrals for the sets (i)–(iii) have long been known (cf. [1]).
Let us consider the generalized H–H system with a homogeneous potential
H = 1
2
(p21 + p22) + q2
(
q21 +
e
3
q22
)
. (13)
In [6] Yoshida proves the following result:
Proposition 1 ([6]). The Hamiltonian (13) is non-integrable for
e ∈ (−∞, 1) ∪
( ∞⋃
j=1
(
j + 1 + 3
( j
2
)
, 1 − 1 + 3
( j + 1
2
)))
.
Recently, Morales-Ruiz and Simó [14] obtained a stronger non-integrability condition:
Proposition 2 ([14]). The Hamiltonian (13) is non-integrable for e ∈ C \ {1, 2, 6, 16}.
A use of Painlevé property [1] suggests that the system (13) is integrable only for e = 1, 2, 6, 16. Some
difficulties appear in the case e = 2, it seems to be non-integrable, but rigorous proof is still missing.
Therefore, e = 2 is the only case in the H–H system whose integrability remains open. In this paper we
make an attempt to answer this question.
5.1. The NVE
The system generated by Hamiltonian (12) is
q˙1 = p1, p˙1 = −aq1 − 2cq1q2, (14a)
q˙2 = p2, p˙2 = −bq2 − cq21 − dq22 . (14b)
By setting q1 = p1 = 0, this system is reduced to (14b) with q1 = 0. Since H is a first integral, the
solution of the reduced system is defined by
1
2
q˙22 + q22
(
1
2
b + 1
3
dq2
)
= h. (15)
Hence from (15) we have∫ ξ
0
dξ√
(1 − ξ 2)(1 − k2ξ 2) = τ, (16)
where: τ = √d(αi − αl)/6 t , k2 = (αi − α j )/(αi − αl) ∈ (0, 1), q2 = αi + (α j − αi)ξ 2 and
(α1, α2, α3) is a set of roots of the equation (d/3)q32 + (b/2)q22 = h. This is the Legendre normal form
of the Jacobi equation [15], the solution of which is the Jacobi elliptic function ξ(τ) = sn(τ, k). Since
q2 = αi + (α j − αi)ξ 2, we have families of doubly periodic orbits Γh(αi , α j ):
Γh(αi , α j ) = {q1(t, h) = 0, q2(t, h) = αi + (α j − αi)sn2(τ, k)} (17)
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where h ∈ (0, b3/6d2). The real period  of Γh is 2K (k), where
K (k) =
∫ π/2
0
dξ√
1 − k2 sin2 ξ
.
The variational equation which describes the orbits close to the periodic orbit Γh is given by the linear
system deduced from (12) along Γh
η¨1 = −Hq1q1(q2(t, h))η1, (18a)
η¨2 = −Hq2q2(q2(t, h))η2. (18b)
The first equation of this system is the NVE. This equation can be written in the form of the Schrödinger
equation
−d
2η1
dτ 2
+ Ak2sn2(τ, k)η1 = Eη1, (19)
where the constant A and the eigenvalue E are defined by [16]:
A = 12 c
d
, (20)
E =
(
8
c
d
− 4a
b
)√
k4 − k2 + 1 + 4 c
d
(
1 + k2 −
√
k4 − k2 + 1
)
. (21)
5.2. Basically periodic solutions
When A = n(n + 1), Eq. (19) is the standard Lamé equation [9]
d2ψ(τ)
dτ 2
+ [E − k2n(n + 1) sn2τ ]ψ(τ) = 0, n(n + 1), E ∈ R. (22)
If n is a non-negative integer the Lamé equation (22) possesses 2n + 1 periodic eigenfunctions ψn,m for
discrete eigenvalues En,m , m = 1, 2, . . . , 2n +1, known as Lamé polynomials. These eigenfunctions can
be written as homogeneous polynomials of degree n in the elliptic functions sn, cn, dn. When m is an
even integer, the Lamé functions have the period 2K in the variable τ , which is the same as the period of
sn2τ , when m is odd, they have the period 4K .
Let us assume that n = 2, so the potential in the Schrödinger equation (19) is V = 6k2sn2τ and
c/d = 1/2. For this case the Lamé polynomials are given by (cf. [10,17]):
ψ2,2;4 = −4sn2τ + 43k2
(
1 + k2 ±
√
k4 − k2 + 1
)
, (23)
ψ2,1 = 2cnτdnτ, ψ2,3 = 2snτcnτ, ψ2,5 = 2snτdnτ. (24)
The eigenvalues corresponding to the Lamé polynomials (23) and (24) read
E2,2;4 = 2
(
1 + k2 ∓
√
k4 − k2 + 1
)
, (25)
E2,1 = k2 + 1, E2,3 = k2 + 4, E2,5 = 4k2 + 1. (26)
The basically periodic solutions of the NVE (19) are given by the eigenvectors (23) with the
corresponding eigenvalues (25). After substituting d/c = 2 into (21) one can see that
E = E2,2 = 2
(
1 + k2 −
√
k4 − k2 + 1
)
, (27)
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if and only if a = b. Thus the normal variational equation (19) has the basically periodic solution given
by
η1(τ ) = −4sn2τ + 43k2
(
1 + k2 +
√
k4 − k2 + 1
)
, (28)
if a/b = 1 and d/c = 2.
Summarizing, we have the following.
Proposition 3. The generalized H–H system is integrable for case: a = b, d = 2c.
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